In most optomechanical systems a movable mirror is a part of an optical cavity, and its oscillation modulates either the resonance frequency of the cavity, or its coupling to the environment. There exists the third option -which we call a "coherent coupling" -when the mechanical oscillation couples several non-degenerate optical modes supported by the cavity. Identifying the nature of the coupling can be an important step in designing the setup for a specific application. In order to unambiguously distinguish between different optomechanical couplings, we develop a general framework based on the Hamiltonian of the system. Using this framework we give examples of different couplings, and discuss in details one particular case of a purely coherent coupling in a ring cavity with a movable mirror inside. We demonstrate that in certain cases coherent coupling can be beneficial for cooling the motion of the mechanical oscillator. Our general framework allows to approach the design of optomechanical experiments in a methodological way, for precise exploitation of the strengths of particular optomechanical couplings.
I. INTRODUCTION
Cavity optomechanics [1] [2] [3] [4] studies the interaction between light and mechanical systems embedded into optical resonators. The precision at which modern optomechanical experiments operate allows to study the quantum properties of light and matter, including the cooling of macroscopic oscillators to their quantum ground state [5] [6] [7] , optomechanical squeezing of quantum fluctuations in light [8] [9] [10] [11] , quantum entanglement between optical and mechanical degrees of freedom [12] [13] [14] [15] as well as between space-like separated mechanical oscillators [13, [16] [17] [18] [19] and non-classical states of mechanical oscillators [12, [19] [20] [21] [22] . Optomechanics has become an experimental platform for testing quantum mechanics in the macroscopic world [13, 16, 23, 24] and looking for potential paths towards quantum gravity [19, [25] [26] [27] . Optomechanics has also been established as a toolbox for computational and metrological tasks, such as: frequency-converting microwaves to optical light [28] [29] [30] [31] , on-chip signal modulation and processing [32] , nanoscale torque detection [33] and the detection of gravitational waves [34] [35] [36] with kilometre-scale detectors (Advanced LIGO [37, 38] , Advanced Virgo [39, 40] , GEO600 [41, 42] , KAGRA [43, 44] ).
While optomechanical systems vary in scale, frequency and complexity, their theoretical description on the fundamental level can be reduced to simple Hamiltonians. Conventionally the coupling between the optical and mechanical degrees of freedom is classified based on intuitive physical picture of the setup. Most common are the systems with dispersive coupling, where the mechanical oscillation modulates the cavity's resonance frequency [1] . The simplest case of such systems is a Fabry-Pérot cavity with a movable end mirror [45] . Another type of coupling is dissipative [46] : the oscillation modulates the coupling between the system and the environment. Any system with a movable mirror that simultaneously couples with the cavity modes and the pumping field can be viewed as having dissipative coupling, and the simplest example is a Fabry-Pérot cavity with a movable front mirror [47] . There exists another type of interaction where the mechanical oscillation modulates the coupling between two or more cavity modes [48] . In practice, a complex optomechanical system might not fit into one single type of interaction presented above, or might be misclassified. Therefore, we want a mutually exclusive and collectively exhaustive way of classification.
To illustrate the necessity for such a classification, we show how the coupling could be identified ambiguously when the description of one optomechanical system has different forms depending on the choice of cavity basis modes. We consider two optical modesâ 1 ,â 2 with frequencies ω 1 , ω 2 coupled via the mechanical oscillation x. Such system is described by the following intuitive Hamiltonian:
H cav =hω 1â † 1â 1 +hω 2â † 2â 2 +hg 12 x(â † 1â 2 + h.c.). (1)
If the system is classified simply based on this Hamiltonian, it could fall into the category of "optical modes coupled by mechanical oscillation". However, this Hamiltonian would have two different forms based on the parameters of the system. The first case is when the frequencies of the modesâ 1 ,â 2 are equal (ω 1 = ω 2 ). Then Eq. (1) can be presented in another form:
H cav =h(ω 1 − g 12 x)â 1 †â
with the following choice of basis modes:
Such Hamiltonian is a dispersive one: the resonant frequencies of the modes are modulated by the mechanical oscillation. The second case is when the eigenfrequencies of the modesâ 1,2 are separated by ∆ω ≡ (ω 2 − ω 1 )/2. Then we can define a new basis of x-dependent modes arXiv:1908.03372v1 [quant-ph] 9 Aug 2019 a 1,2 (x):
where we assume mechanical oscillation to be small (g 12 x |∆ω|) and keep only the terms linear in x. Under this basis the Hamiltonian in Eq. (1) takes another form:Ĥ
where the modes themselves have x-dependence. Such a form of the optomechanical coupling is distinct from either the dispersive or the dissipative coupling. We call it coherent coupling and will define rigorously in the next section. These three different forms of the Hamiltonian illustrate the ambiguity: Eq. (1) describes the coupling between the two modes via the mechanical oscillation, but in different regimes depending on ∆ω, it could also be either classified as dispersive coupling in Eq (2), or have some new form in Eq. (5) . However, one system should have a unique classification, which is determined by the physical properties, not by the choice of basis. Identifying the coupling correctly and uniquely is important for optimizing the design of the experiment. Thus, an unambiguous classification framework is necessary.
In this paper, we establish a general framework for the unambiguous classification of the optomechanical systems. The paper is organized as follows: Sec. II provides a step-by-step strategy for expressing the Hamiltonian in a canonical form and discriminating between different x-dependence. We make emphasis in this section on the coherent coupling, which has not been widely recognized as a separate type of optomechanical coupling. Sec. III gives some examples from the literature, including possible ambiguities that could arise in identifying couplings and how our approach helps to resolve them. We provide a further focus on the pure coherent coupling in Sec. IV, where we investigate an optomechanical ring cavity system [49] [50] [51] . We provide an application example where in certain cases this coupling is beneficial for laser cooling of the mechanical oscillator to its ground state. Sec. V includes a summary of the paper and further discussion.
II. CLASSIFICATION OF OPTOMECHANICAL COUPLINGS
In this section we provide a step-by-step strategy that will lead to a unique classification for each cavity optomechanical system and help to avoid potential amiguity. We start by expressing the total optical Hamiltonian in a canonical form that can describe any optomechanical system with multiple optical and mechanical degrees of freedom: (6) where x = {x 1 , x 2 , ...} are the displacements of mechanical oscillators from their equilibrium positions;â(x) = (â 1 (x),â 2 (x), ...) T are the cavity eigenmodes, such that Ω(x) = diag(ω 1 (x), ω 2 (x), ...) is a diagonal matrix with the corresponding eigenfrequencies;b = (b 1 ,b 2 , ...) T are the external electromagnetic modes, which couple to cavity eigenmodes with coupling rates Γ(x) = diag( 2γ 1 (x), 2γ 2 (x), ...) and the optical linewidths are γ 1,2,... (x) . Note that x can be treated as quasistationary parameters here because the time scale for optical relaxation is much smaller than the mechanical one. For practical calculation, the x-dependence in a(x), Ω(x), Γ(x) can be expanded in series and x can be upgraded to dynamical variables and quantum operatorŝ x following the canonical formulation [52] [53] [54] . We further consider a conventional linear regime, where the mechanical oscillation x is much smaller than the optical wavelength λ, allowing the Hamiltonian to remain only linear x terms for a good approximation. While this approximation is not necessarily applicable to all optomechanical systems [55] [56] [57] [58] , it covers most of the popular ones.
One system can be described by different Hamiltonians under different choices of basis, as shown from Eq. (1) to Eq. (5), but the canonical form in Eq. (6) is always unique. This serves as the starting point for establishing an unambiguous classification. Position-dependence in Ω(x) and Γ(x) are intuitive and can be directly understood as dispersive and dissipative couplings separately. We construct a mutually exclusive and collectively exhaustive way of classification by considering the last the last possible x-dependence:â(x), which we call coherent coupling. Such x-dependent modesâ(x) can be presented as linear combinations of unperturbed modesâ(0) coupled via the mechanical oscillation x, as follows from the linearity of the optical system:
where f il (x) are the coupling coefficients and f ii (x) ≡ 1 (no summation for the repetitive i).
In order to classify an optomechanical system without any ambiguity, we formulate the following steps:
1. Write the total Hamiltonian of the optomechanical system including all the optical and mechanical degrees of freedom and the coupling among them in any convenient basis.
2. Transform the Hamiltonian to the canonical form shown by Eq. (6) , where Ω(x) and Γ(x) are diagonal andâ(x) is the set of cavity eigenmodes. Environmental modesb can be chosen correspondingly.
3. Classify the type of optomechanical interaction by the x-dependence feature inâ(x), Ω(x) and Γ(x).
We can follow these steps to illustrate the classification of the optomechanical couplings into three types mentioned in the Introduction. We consider a specific example with two cavity modesâ 1 ,â 2 and one mechanical degree of freedom x, and expand the x-dependence up to a linear order in x, where g 1,2 and g γ1,γ2 are the expansion coefficients of diagonal terms in Ω(x) and Γ(x) matrices:
1. Dispersive coupling, where the eigenfrequencies depend on the mechanical oscillation: Ω(x), the example reads:
2. Dissipative coupling, where the rates of coupling to the external modes depend on the mechanical oscillation: Γ(x), the example reads:
3. Coherent coupling, where the eigenmodes depend on the mechanical oscillation:â(x), and the derivative of any optical modeâ i with respect to any mechanical displacement x j includes only the other optical modes (see Eq. (7)):
The simple example can be taken from Eq. (5) where the original modesâ 1,2 become mixed by x (see Eq. (4)) and the corresponding eigenfrequency matrix:
doesn't depend on x: dΩ (x)/dx = 0.
Following our classification strategy, one can clearly distinguish among the different types of interactions, even in cases where several couplings coexist. In addition to the definition above, a physical picture of coherent coupling also helps to understand this new concept. The difference between dispersive coupling and coherent coupling can sometimes be not obvious: both of them can be expressed as coupling of optical modes by mechanical motion under some specific cavity basis, as showed the example in Eq. (1) . The distinction between them is illustrated in FIG. 1: when mechanical motion couples different optical modes, these modes are either frequency-degenerate or have different frequencies.
When the unperturbed modes are frequency-degenerate, the coupling via the mechanical motion breaks the degeneracy and leads to new x-dependent eigenfrequencies, which are the sign of dispersive coupling. On the other hand, when the unperturbed modes have different frequencies, the mechanical displacement leads to a coherent energy transfer between these modes, and such coupling is coherent. Expressed in the canonical Hamiltonian, up to linear order in x, the eigenfrequencies remains unchanged but the eigenmodes are the original ones mixed in a x-dependent way. Each color block represents a frequency degenerate subspace, which can have one or more modes. Different blocks have different frequencies, e.g. ω1 = ω2 = ω3. The influence of mechanical oscillation shows up as x-dependent perturbation, which will either directly add on to diagonal terms as dispersive coupling, e.g. the α3x term, or will show up in offdiagonal terms to couple different modes. The off-diagonal coupling within one color block, e.g. the α2x term, will open the degeneracy and also cause dispersive coupling. While the coupling between blocks, e.g. the α12x term, won't change the eigenfrequencies ω1,2 and will cause coherent coupling. See main text for detailed discussion.
III. EXAMPLES OF DIFFERENT COUPLINGS
In this section, we provide some detailed examples of optomechanical coupling of the above three categories. We also cover cases with coexisting couplings.
A. Dispersive coupling
Dispersive coupling is the most well-studied type of optomechanical interactions [1] . The physical origin of dispersive coupling is the dependence of cavity resonant frequencies on the mechanical oscillation x. The Hamiltonian of a single cavity, shown in FIG. 2, reads:
where ω a is the resonant frequency not affected by the mechanical oscillation, g ω = ω a /L is the dispersive coupling strength, x is the end mirror displacement from its equilibrium position (see detailed derivation in Appendix A).
In this section, we discuss a metrological system that features the dispersive coupling: the Laser Interferometer Gravitational-Wave Observatory (LIGO) [38, 48] . This detector takes advantage of two Fabry-Pérot cavities in the arms of the Michelson interferometer (arm cavities), which sense the gravitational-wave-induced displacement of the test masses. The two arm cavity modes are represented byâ,b and their resonance frequencies are by ω 0 . These two modes have the same dispersive coupling strength g, but they couple to two different displacements x 1 , x 2 . The cavity Hamiltonian can be expressed as: Defining the common and differential mechanical and optical modes as
the transformed Hamiltonian takes the form:
whereĉ = (ĉ + ,ĉ − ) T and σ x is the x-component of Pauli matrix. Only the differential motion x − carries the gravitational wave strain signal, so we don't consider the common motion x + . After this operation the transformation fromĉ + ,ĉ − toâ,b is equivalent to the transformation fromâ 1 ,â 2 toâ 1 ,â 2 in Eq. (3). Even though the Hamiltonian can be expressed in different forms in Eqs. (13)(14), in our classification strategy, the coupling will always be classified as dispersive with eigenmodesâ,b and x −dependent eigenfrequencies:
B. Dissipative coupling
Dissipative coupling happens when the coupling of cavity modes to external modes depends on x. For example, for a single cavity modeâ:
whereb is the external mode and √ 2γ + g γ x is the coupling rate, which gives rise to the finite cavity linewidth. The g γ x term describes the dependence of the dissipation rate on the mechanical oscillation x. The form of dissipative coupling strength g γ depends on the specific physical realization. One recent example is the on-chip dissipative optomechanical resonator [32] . As schematically shown in FIG. 3, this system consists of a racetrack optical cavity, which is also a mechanical resonator with out-of-plane vibrations, and a curved input waveguide. Except for the material refractive indices, the optical coupling rate between the racetrack cavity and the input waveguide is determined by the distance between them. The racetrack cavity supports optical modeâ and the out-of-plane oscillation expressed by x, while the input waveguide carries optical modeb. The mechanical oscillation x changes the distance between the racetrack cavity and the input waveguide and thus changes the optical coupling rate between modesâ andb. The Hamiltonian describing the [32] . The upper right is the top view of the chip, where blue line represents the input waveguide and the red one represents that optical racetrack cavity which is also a mechanical resonator that can have out-of-plane vibrations. The lower left is the schematic of the cross-section inside the dashed area of the upper right. See the main context for discussion.
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whole system reads:
where neither the cavity modeâ nor its resonance frequency ω a depends on x. There exists only one cavity eigenmode and it already satisfies the canonical form of Eq. (6). Thus, the x-dependence inâ,b coupling rate shows the feature of dissipative coupling.
C. Coherent coupling
The last interaction category to be discussed is coherent coupling where the x-dependence appears in the eigenmodes themselves rather than the eigenfrequencies of the optical modes.
One notable example of coherent coupling is the threemodes optoacoustic interaction [59] . It can give rise to important non-linear optomechanical effects such as parametric instability [60, 61] , which complicates the operation of gravitational-wave detectors. In a simplified model [59] , there are two orthogonal transverse opticalcavity modesâ andb with different resonant frequencies ω 1 and ω 2 . The acoustic mode has a torsional mode profile and x is its generalized coordinate. The cavity Hamiltonian in this case has the form (see Appendix B for detailed derivation):
Note that Eq. (17) has the same structure as Eq. (1) and thus follows the same transformation process as in Eq. (4). Up to linear order in x, the eigenfrequencies remain the same and the new eigenmodes are the original ones mixed by mechanical oscillation x:
where ∆ω ≡ (ω 2 − ω 1 )/2 is the frequency difference. The
x-dependence in eigenmodes shows the feature of coherent coupling.
Note that Ref. [62] was aware of the x-dependence that only happens in eigenmodes, but didn't notice the new coherent coupling category in optomechanics. In Sec. IV we will investigate a ring cavity system, where the coherent coupling is mediated by the longitudinal oscillation of the mechanical center of mass degree of freedom.
D. Coexisting coupling
In many cases, different types of optomechanical couplings can coexist. Some optomechanical systems might show different coupling features depending on the parameter regimes that they work in. Following our classification strategy, each type in the coexisting couplings can be clearly distinguished.
One notable example is the Michelson-Sagnac interferometer [7, 46] with coexisting dispersive and dissipative couplings. With careful tuning [7] , it can become either pure dissipative coupling or pure dispersive coupling.
Another example of a system with coexisting couplings is the system of two coupled cavities separated by a movable mirror, as shown in FIG. 5. The coupling in such a system can be classified as dispersive, or coherent, or coexisting, depending on the position and optical properties of the central mirror [5, 62, 63] . In the following contents, we give a theoretical description of this system and classify it using our strategy.
When the transmittance of the central mirror is relatively low, t 1, we can define two optical modesâ,b for the left and the right subcavities respectively, which 
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FIG. 5.
The coupled cavity configuration. L1,2 are the length of two subcavities, r and t are the amplitude reflectivity and transmittance of the mirror inside and x is membrane oscillation around its equilibrium position. In the main text we consider membrane with low transmittance t 1. It is then reasonable to claim that the left and right subcavities can supportâ andb modes separately. The bare optical frequencies of the two modes are ω1,2 and the optomechanical coupling constants are g1,2 = ω1,2/L1,2. Different parameter regime can lead to different classification results. See main text for details.
are coupled at a characteristic sloshing frequency ω s . In terms of these modes the cavity Hamiltonian can be expressed as:
For convenience, we define the average frequency ω 0 ≡ (ω 1 + ω 2 )/2 and the frequency difference ∆ω ≡ (ω 2 − ω 1 )/2. We then convert the Hamiltonian in Eq. (19) into the canonical form in Eq. (6) as required by our classification procedure. When the central mirror is perfectly reflective [5] , the sloshing frequency becomes zero (ω s = 0) and Eq. (19) is already in the canonical form. No optical coupling can happen betweenâ,b modes and they remain to be cavity eigenmodes. The corresponding eigenfrequencies ω 1 − g 1 x, ω 2 + g 2 x are x-dependent. In this case, the system has pure dispersive coupling.
When ω s = 0, Eq. (19) needs to be transformed to the canonical form. The interaction with the mechanical oscillation x couples the original optical eigenmodes"
to become:
with the corresponding eigenfrequencies:
Both the eigenmodes and eigenfrequencies depend on x, which reveals the coexisting coherent and dispersive couplings.
The system can have a pure coherent coupling if the central mirror has low transmittance and the two subcavities have the same length L 1 = L 2 [62, 63] . In this The pure coherent coupling in this coupled cavity example only happens in some specific parameter regimes. In the following section, we will discuss a ring cavity system which always has a pure coherent coupling.
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IV. PURELY COHERENT COUPLING IN A RING CAVITY SYSTEM
In this section we discuss an example of purely coherent coupling in an optomechanical ring cavity system where two resonant modes are coupled via the oscillation of a partially reflective mirror, see FIG. 6. Similar ring cavity systems with one or multiple scattering objects inside have been studied, including some cases with membranes or mirrors [64] [65] [66] and some other cases with cold atom clouds [67] [68] [69] [70] [71] [72] [73] [74] . However, no systematic Hamiltonian construction with a clear definition of optical modes has been done. That motivates our derivation in this section. We also analyze how the coherent coupling helps the laser cooling of mechanical oscillation and compare it with the single cavity dispersive coupling case [6] .
A. Cavity modes and the Hamiltonian
The detailed derivation of the total Hamiltonian of the ring cavity system can be found in Appendix C. Here we only sketch the key steps of the derivation.
Without the membrane, the ring cavity can support degenerate clockwise and counterclockwise modes that propagate independently. The membrane reflection couples the two circulating waves and opens the mode degeneracy, as shown in FIG. 7 . We first consider resonant cavity modes assuming a perfectly reflective front mirror M 0 . In this case no outside field can couple into the cavity and the field operator vectorê(k) = (ê 1 (k),ê 2 (k)) T obeys the following matrix formula:
where T c (k) is the closed form transfer matrix:
Solving this equation allows to find wave numbers k ± of the resonant fields:
The two corresponding resonant frequencies ω ± = ck ± within one free spectral range (FSR) ∆ω FSR = 2πc/L are separated by:
The two resonant modes have the following feature (see Eq. (C12)):ê FIG. 7. Cavity modes splitting caused by different membrane reflectivity r. The horizontal axis is a relative phase defined as δ ≡ (kpL + π/2) − N 2π and the vertical axis is the ratio of the field amplitude in and out of the system from the input port. The red and blue line correspond to r = 0.3, 1 respectively. As analyzed in the main context, the cavity resonant frequencies do not depend on x while the electromagnetic mode profiles depend on that. This optomechanical interaction is called coherent coupling. The cavity free spectral range (FSR) is ∆ωFSR = 2πc/L and the linewidth is γ = ct 2 0 /2L.
To quantitatively describe the electric field distribution, we introduce a coordinate system inside the ring cavity, as shown in FIG. 6. The origin of this z-coordinate is the front mirror M 0 and it increases clockwise along the optical axis of the ring cavity. It becomes z x = L/2+x at the instantaneous position of the membrane and finally becomes z = L when it reaches the front mirror again. The coordinate system here is circular and thus z = L represents the same position as z = 0. The electric field inside the ring cavity can be represented by the standing wave distribution of two optical modes (see Eq. (C20)): (30) where N (ω) = hω/2A 0 L is the frequency-dependent normalization factor for a beam with cross-sectional area A inside the ring cavity, and P − (z; x), P + (z; x) are the wavefunctions ofĉ − ,ĉ + modes along z axis: 
where ζ represents the distance from an arbitrary point to the membrane. That is, starting from z x and going in two directions, the standing wave amplitude ofĉ +(−) mode remains the same (opposite sign), until it reaches the maximum (zero) at z = x, which is L/2 away from z x both clockwise and counterclockwise. The standing wave feature ofĉ +(−) mode agrees with the naming of (anti)symmetric mode. The cavity Hamiltonian can be obtained from the total optical energy inside the ring cavity [75] and it reads:
It doesn't have x-dependence because the ring cavity is a closed quantum system until now, as shown by the xindependent equation Eq. (23) that we start from. To obtain the total Hamiltonian and reveal the xdependence, we consider the coupling of the cavity modes to the outside modes by assuming the front mirror to have low transmittance (t 0 1). The cavity linewidth γ can be obtained from the input-output relation (see Eq. (C5)):
and the ring cavity, as an open passive system, only supports the inside field with the pumping frequency ω p = k p c. The extent to whichĉ ± modes are excited depends on the detuning of the pumping frequency to the resonant ones: ω p − ω ± . In the following contents we will use the wavevector k p of the pumping field instead of the resonant wavevectors k ± . We useĉ 1,2 to represent the counterclockwise and clockwise propagating fields that the environment fieldsâ 1,2 directly couples to. Thus the cavity-environment interaction Hamiltonian can be expressed as:
The front mirror position z = 0 is a natural choice of phase reference point for modesĉ 1, 2 . However, the resonant modesĉ ± take the membrane position z x as the phase reference point, as shown in Eq. (32a). Thus, the transformation betweenĉ 1,2 andĉ ± depends on x:
whereĉ ± (0) is the original cavity modes that the outside modesâ 1,2 directly couple to and they have distribution P ± (z; x = 0). For the outside modes,ĉ ± (x) are the new resonant modes when the membrane is displaced by x.
It is equivalent to saying that the mechanical oscillation x changes the way of interference betweenĉ 1,2 that leads to the formation of different resonant modesĉ ± (x). The cavity optomechanical Hamiltonian linearized with respect to x (see Eq. (C29)) reads:
where the free partĤ 0 is equivalent to Eq. (33) witĥ c ± →ĉ ± (0) and the optomechanical interaction part H int (t) reads:
The feature of coherent coupling is shown in Eq. (38) explicitly: the mechanical oscillation x induces the coupling between two original optical modesĉ ± (0) which have non-degenerate frequencies.
In the derivation until now, x merely works as a parameter. Alternatively, one can start from the total Lagrangian including the mechanical degree of freedom and follow the canonical formulation [52] [53] [54] , x can be upgraded to be a dynamical variable and further becomes a quantum operatorx after quantization.
To describe the system in the general framework of Eq. (6), we need to express the total Hamiltonian in terms of the new resonant modesĉ ± (x). Applying similar transformation as in Eq. (36), we can express the input modeŝ a 1,2 into antisymmetric and symmetric ones: c ±in (x) = 1 √ 2 e ikpL/2 (e −ikpxâ 1 ± e ikpxâ 2 ).
Up to linear order inx, the cavity-environment interaction Hamiltonian in Eq. (35) can be transformed to (see Eq. (C34)):
It is clear from Eq. (40) that the coupling rate with the environment doesn't depend onx. Thus, the optomechanical coupling has no dissipative feature. To sum up, the total Hamiltonian reads:
where the cavity optomechanical partĤ opt (x) is given in Eq. (37), the cavity-environment interaction partĤ γ is given in Eq. (40) and the free mechanical part is:
with G representing any external force exerted on the mechanical oscillator. If we write it in the canonical form of Eq. (6), we obtain:
and the mode operators areâ(x) = (ĉ − (x),ĉ + (x)) T , a in (x) = (ĉ −in (x),ĉ +in (x)) T . There is neither dispersive nor dissipative feature in the Hamiltonian above, and thus the coherent coupling is verified.
In the next section, we will discuss the advantage of coherent coupling in enhanced optomechanical cooling.
B. Application: enhanced cooling
Optomechanical cooling provides a zero temperature bath through the laser light to remove the thermal noise and cool down the mechanical oscillation to its ground state [76] . It contributes to fundamental physics in studying the quantum effects of macroscopic objects [23, 24] . It is also beneficial in the application aspect of frequency conversion [28] [29] [30] [31] and quantum information processing [32] .
In the Hamiltonian linearized with respect to x, the coherent coupling starts with two non-degenerate optical modes and then couples them by mechanical oscillation. This coupling doesn't change the resonance frequency up to linear order inx. Thus, the double resonance structure of coherent coupling systems can potentially provide a more efficient cooling compared with the standard dispersive-coupling-based cooling [6] , because of the additional resonant enhancement of the pumping field: When the mechanical frequency matches the frequency distance between the two resonance peaks and the lower frequency is pumped, both the pumping field and the upper mechanical sideband are resonant inside the cavity.
The optoacoustic interaction [59] in Sec. III C has similar physics properties with the ring cavity system. Contrary to the cooling described above, when the cavity Because of Eqs. (26)(34), the ratio above can also be expressed as:
These equations demonstrates that the ring cavity can provide benefit in a larger scale optomechanical setup with long cavities or with high-frequency mechanical oscillators. For example, if we compare a single and a ring cavity with a mechanical membrane as an oscillator of frequency of 2.5 MHz [77] , front mirror transmission of 0.01%, and an equal length of ∼ 40cm, we find that the cooling rate in the ring cavity is 2.4 times higher than in a single cavity. The ring cavity thus could be beneficial for long cavities, used, e.g. as optomechanical filters for gravitational-wave detectors [78] .
V. DISCUSSION
In this paper, we build an unambiguous framework for classifying the optomechanical interaction in a unique way. This framework prescribes to express each Hamiltonian in the canonical form and examine the dependence of its terms on the mechanical oscillation. The canonical form of the Hamiltonian is unique for each system, hence the classification based on that is mutually exclusive. No ambiguity in classifying similar systems, as it was illustrated in the Introduction, can occur. There are some limitations in our classification framework: we only consider Hamiltonians linear in x and linear in optical modes. Quadratic optomechanical coupling and nonlinear optical effects, for example, are not covered in our framework and need further consideration.
Based on our framework, we analyze several optomechanical systems, including the newly investigated ring cavity system which exhibits purely coherent coupling. We show that coherent coupling is fundamentally different from either dispersive or dissipative coupling and allows to complete our classification framework. Our analysis reveals a previously underestimated relevance of coherent coupling in optomechanical systems. It will show up whenever the system has two or more optical modes with non-degenerate frequencies get coupled by mechanical oscillation. We show that although coherent coupling occurs even in some well-studied systems, yet has never been identified as such. For instance, in the system of two coupled cavities with a movable central mirror, both dispersive and coherent coupling coexist, as we show in the Sec. III D.
The nature of the optomechanical coupling defines the strengths and weaknesses of the system in one desired application. Our classification strategy will allow to approach the experimental design in a systematic way and choose the system that would perform optimally. As a concrete result, we show that coherent coupling allows for more effective laser cooling of the mechanical oscilla-tion due to the simultaneous resonant of pumping field and the upper mechanical sideband.
We anticipate our classification framework to serve as a methodological and practical guide in the growing field of optomechanics. We believe the recognition of the highlighted coherent coupling will lead to the development of novel quantum optomechanical systems and new parameter regimes in the existing ones.
The relation betweenê 1,2 in the two resonant modeŝ c ± can be obtained by plugging k ± into Eq. (C6) and Eq. (C7) thus becomes:
(C11) The two solutionsê(k ± ) have the following feature:
The operator vectorf (k) = (f 1 (k),f 2 (k)) T is defined similarly asê(k), containing two fieldsf 1,2 (k) that propagates away from the membrane, as shown in FIG. 6.f (k) satisfies T c (k)f (k) =0, the same asê(k) in Eq. (C7), and its two solutions have the same feature asê(k ± ) in Eq. (C12). These field operatorsê 1,2 (k ± ),f 1,2 (k ± ), represented byê 1,2± ,f 1,2± in the following contents for convenience, are related by the propagation phases:
According to the spatial features mentioned above,ĉ + is named symmetric mode andĉ − is named antisymmetric mode. They can be constructed fromê 1,2± fields as follow:ĉ
such thatê 2+ =ĉ + / √ 2 and e 2− =ĉ − / √ 2 because of Eq. (C12). We will use these expressions above to construct the electric field in the following contents.
Electric field standing wave distribution
To quantitatively describe the electric field distribution, we construct a coordinate system inside the ring cavity, as shown in FIG. 6. The origin of this z-coordinate is the front mirror M 0 and it increases clockwise along the optical axis of the ring cavity. It becomes z x = L/2+x at the instantaneous position of the membrane and finally becomes z = L when reaching the front mirror again. The coordinate system here is folded and thus z = L represents the same position as z = 0.
For a beam with cross-sectional area A inside the ring cavity, the frequency-dependent normalization factor is:
such that the positive frequency part of the electric field at any spatial coordinate z can be written as [46] : 
because the optical relaxation time is much less than the mechanical one and thus the field distribution can adjust itself simultaneously when z x changes. The field inside a perfect cavity is rigorously restricted by the resonance structure and thus has a discretized frequency space distribution, as shown in Eq. (C8). Therefore, instead of an integral over the whole spectrum as in Eq. (C16), the electric field takes the summation of components with discretized frequencies ω ± :
Considering all Eqs. (C8)(C12)(C13)(C14) and plugging them into Eq. (C18), where the process is actually a unitary transformation from (ê ± ,f ± ) basis to (ĉ + ,ĉ − ) basis, the optical standing wave inside the ring cavity can be derived as:
√ ω −ĉ− +2 cos(k + (z − x)) √ ω +ĉ+ z ∈ (0, z x ), 2i sin(k − (z − L − x)) √ ω −ĉ− +2 cos(k + (z − L − x)) √ ω +ĉ+ z ∈ (z x , L).
(C19)
Or equivalently,
where P − (z; x) and P + (z; x) are the wavefunctions of the two modesĉ − andĉ + along z axis: P − (z; x) = 2i sin(k − (z − x)) z ∈ (0, z x ), 2i sin(k − (z − L − x)) z ∈ (z x , L), (C21a) P + (z; x) = 2 cos(k + (z − x)) z ∈ (0, z x ), 2 cos(k + (z − L − x)) z ∈ (z x , L).
(C21b) expression above to get the ultimate cooling limit: n = γ m γ m + γ opt n th + γ opt γ m + γ opt n ba ≈ n ba ,
where n th = k B T /Ω mh is the thermal occupation number and n ba = γ 2 /8Ω 2 m is the back-action limited occupation number.
